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The influence of a charge-gradient force, associated with variations of the
particle charge in response to external perturbations, on the propagation of
low-frequency waves in weakly coupled complex (dusty) plasmas is investi-
gated. The magnitude of the effect is compared with that due to polarization
force, studied previously in the literature. Numerical estimates are presented
for the regime, where the orbital motion limited approach to particle charging
is relevant.
A complex plasma represents an ionized gas containing electrons, ions, neutral atoms or
molecules, and massive dust particles. The charged dust grains embedded into a plasma
not only change the electron–ion composition and thus affect conventional wave modes
(e.g., ion–acoustic waves), but also introduce new low-frequency modes associated with
the microparticle motion, alter dissipation rates, give rise to instabilities, etc.1–3 Moreover,
the particle charges vary in time and space, resulting in important qualitative differences
between complex plasmas and usual multi-component plasmas.4,5 The focus of this brief
communication is on the influence of the plasma background and grain charge variability
on linear waves in weakly coupled unmagnetized complex plasma.
In the long-wavelength limit, collective excitations of the particle component exhibit
acoustic-like dispersion and are therefore called the “dust acoustic waves” (DAWs). The
dispersion relation of DAWs for an ideal isotropic complex plasma was originally derived
by Rao, Shukla, and Yu.6 In the original derivation of the DAW dispersion relation, a
simplest fluid description of multicomponent plasmas was used. Several important effects
were neglected, including charge variations and specific forces acting on the charged particles
(such as, for example, ion, electron, and neutral drag forces). One of the forces which can
affect particle transport (also neglected originally) is the so called “polarization” force,
discussed by Hamaguchi and Farouki.7,8 This force was originally related to the presence
of the density gradient in the plasma surrounding the particle. In most practical cases the
polarization force is small as compared to other forces present in the system. However, it was
pointed out later that the polarization force can significantly affect propagation of the dust
acoustic linear and non-linear waves.9–11 This topic is presently under active investigation,
for some relevant examples see Refs. 12–15 and references therein.
Recently, it has been demonstrated that the polarization force can contain a term pro-
portional to the gradient of the particle charge, if the charge is not assumed fixed.16 The
derivation is straightforward. The energy of an individual point-like test chargeQ immersed
in an ideal plasma is
U =
Q
2
[
φ(r) −
Q
r
]
r→0
= −
Q2
2λD
, (1)
where φ(r) = Q exp(−r/λD)/r is the screened Coulomb (Debye-Hu¨ckel) potential, λD is the
linearized Debye radius, λD = λDi/
√
1 + (λDi/λDe)2, λDi(e) =
√
Ti(e)/4pie2ni(e), and Ti(e)
and ni(e) are ion (electron) temperature (expressed in energy units) and density, respectively.
If the charge is constant and the plasma is non-uniform, the particle will be acted by the
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2force (F = −∇U)
Fpol = −
Q2
2
∇λD
λ2D
, (2)
which is known as the polarization force.7,8 It pushes the particles into the region where
the Debye radius is smaller (that is where the temperature is lower and/or plasma density
is higher). If the charge is allowed to vary there is another contribution to the force
FQ =
Q∇Q
λD
. (3)
This force is proportional to the gradient of the particle charge and we call it in the following
the “charge-gradient force”. The charge-gradient (CG) force pushes positively (negatively)
charged particles to the region where their charge is higher (lower). The purpose of this
work is to report on the effect of this charge-gradient (CG) force on the linear dust acoustic
waves. In particular, we will be interested in its relative magnitude, as compared to the
conventional polarization force.
In the following we consider the most simple situation in order to single out the effects
associated with the polarization and charge-gradient forces. We neglect all processes that
can be neglected in this study and employ all reasonable simplifications. The consideration
is to some extent similar to that of Ref. 9.
The particle component is described by the continuity and momentum equations:
∂nd
∂t
+∇(ndvd) = 0, (4)
∂vd
∂t
+ (vd · ∇)vd = −
Q
md
∇ϕ+
FΣ
md
, (5)
where vd and md are the grain velocity and mass, ϕ is the potential of the electric field
acting on the particles, and FΣ is the sum of all other forces. For the sake of simplicity
below we consider only the polarization (2) and charge-gradient (3) forces. Note, that we
have also omitted pressure term in Eq. (5). We further assume that the wave propagation
results in small perturbations, na = na0+na1 (a = e, i, d), Q = Q0+Q1, ϕ = ϕ1, vd = vd1,
etc. If the perturbations are small (linear regime), the densities of electrons and ions satisfy
the Boltzmann relations17,18
ni1 = −ni0
eϕ1
Ti
, ne1 = ne0
eϕ1
Te
. (6)
In the long-wavelength limit (where the dispersion relation is acoustic) the densities of
charged components satisfy the charge neutrality condition
ni − ne + Znd = 0, (7)
where Z = Q/e is the particle charge number (note that Z is negative for a negatively
charged particle). Since the particle charge is not fixed, the system should be supplemented
by the charging equation. In a rather general form, the charging equation is2
∂Z1
∂t
+ΩchZ1 = J0
(
ni1
ni0
−
ne1
ne0
)
, (8)
where Z1 is a variation of the particle charge number, Ωch is the characteristic charging
frequency and J0 is the equilibrium flux of ions/electrons that the particle collects from the
surrounding plasma. The equilibrium charge Q, associated with the equilibrium (floating)
surface potential of the particle, is determined from the flux balance condition Ji = Je = J0.
Quite generally, particle charging in a plasma is a very fast process2,4 and its characteristic
3frequency scale is much higher than frequency scales related to particle dynamics (e.g. DAW
frequency scale). Therefore, we can write
Z1 =
J0
Ωch
(
ni1
ni0
−
ne1
ne0
)
. (9)
The system of equations (4) – (9) is linearized following a standard procedure, i.e. as-
suming the ∼ exp(ikr − iωt) dependence for all perturbations. In addition, we make one
more simplification assuming that the electron temperature is much higher than the ion
temperature, as it is in most complex plasmas occurring in gas discharges. This implies
λDe ≫ λDi, that is λD ≃ λDi, and |ni1/ni0| ≫ |ne1/ne0|. After some simple algebra we
obtain the dispersion relation of the form
ω2
(
1 +
nd0
ni0
J0
Ωch
)
= ω2dλ
2
Dk
2 (1 +Rpol +RQ) , (10)
where
Rpol =
Qe
4λDTi
(11)
and
RQ =
J0e
2
λDΩchTi
. (12)
Equation (10) represents the long-wavelength dispersion relation of low-frequency waves
in the considered system. It is the main result of this study, its detailed analysis will follow.
First, if charge variations are neglected and the particle charge is fixed, which corresponds
to the formal limit Ωch →∞, the dispersion relation is reduced to
ω2 = ω2dλ
2
Dk
2 (1 +Rpol) , (13)
which essentially coincides with the long-wavelength limit of the expression derived in Ref. 9.
Since the particle charge is usually negative in gas discharges, the quantity Rpol is also neg-
ative. Thus, the actual dust-acoustic (sound) velocity is reduced compared to the conven-
tional DAW velocity (CDAW = ωdλD) by a factor
√
1 +Rpol. For very large grains |Rpol|
can even approach unity. In this case the net force on the grains is no longer a restoring
force, and then the dispersion relation (13) admits a transition from propagating DA waves
to aperiodically growing perturbations. The effect of the charge-gradient force is expressed
by the term RQ in the right-hand side of Eq. (10). This term is obviously positive and thus
it reduces the effects associated with the polarization force. The directions of the forces can
also be verified as follows. For the polarization component we have
Fpol ∝ −∇λD ∝ ∇ni ∝ −∇ϕ,
and it acts in the direction of the electric field. For the CG component we have on the other
hand
FQ ∝ Q∇Q ∝ Q∇ni ∝ −Q∇ϕ.
For a negatively charged particle FQ is directed opposite to the electric field and thus
opposite to Fpol. The sum of two contributions is
Rpol +RQ =
Qe
4λDTi
(
1 +
J0
Ωch
e
Q
)
. (14)
The factor (1 + nd0
ni0
J0
Ωch
) in the left-hand side of Eq. (10) is associated with charge vari-
ations, it appears also in the case when both polarization and charge-gradient forces are
neglected.2
4Let us next compare the magnitudes of various terms in a special exemplary situation.
We consider as an example a weakly collisional (low neutral gas pressure) gas discharge with
electrons that are much hotter than ions. To describe particle charging in these conditions
the orbital motion limited (OML) theory19 is applicable. In this regime the relation between
charging frequency and ion/electron flux (under the additional assumption Te ≫ Ti) is
2
Ωch ≃ J0
1 + z
z
e2
aTe
, (15)
where the reduced charge z = |Q|e/aTe has been introduced. The relative importance of
polarization and charge gradient forces is
|Rpol/RQ| ≃ (1 + z)/4. (16)
Since typical values of z are between ≃ 2 and ≃ 4 within the OML theory2,20 this two
component of the forces are of comparable magnitude. In the special case z = 3, the two
effects would completely cancel each other. In the weakly collisional regime the ion flux to
the particle can be enhanced due to ion-neutral charge exchange collisions in the vicinity
of the particle.21,22 As a results the charge tends to more positive values and the reduced
charge z can drop to values below unity.23–25 This would indicate that CG contribution
dominates. However, Eqs. (9), (15), and, hence, (16) should also be modified in this case.
This regime would thus require careful additional consideration, which is beyond the scope
of this brief communication.
Finally, we demonstrate that the factor in the left-hand side of Eq. (10) associated with
charge variations is normally close to unity in the considered case. Using Eq. (15) it is easy
to get
nd0
ni0
J0
Ωch
=
1
1 + z
|Z|nd0
ni0
. (17)
The ratio Pi = |Z|nd0/ni0 (which can be termed the ion Havnes parameter) can approach
unity only in rather extreme situation when all negative charge in the systems is residing
on the particle component and the electron population is completely depleted. Under more
typical conditions, Pi is well below unity and thus direct contribution from the charge
variations to the real part of the dispersion relation is insignificant.
To conclude, we have investigated the effect of the charge-gradient force, associated with
the charge variability in complex plasmas, on the propagation of low-frequency dust-acoustic
waves. It has been demonstrated that the charge-gradient and polarization forces can be of
comparable magnitude in collisionless plasmas with hot electrons, but act in the opposite
directions. Charge-gradient effect can dominate for lower charges, while polarization effect
becomes more important at higher charges. This should be properly taken into account
when describing the dispersion of low-frequency dust acoustic waves in weakly coupled
unmagnetized plasma.
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